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Devwudfw
Zh vkrz wkdw wkh frqyhqwlrqdo FXVXP whvw iru vwuxfwxudo fkdqjh fdq eh ds0
solhg wr frlqwhjudwlqj uhjuhvvlrq uhvlgxdov ohdglqj wr d frqvlvwhqw uhvlgxdo edvhg
whvw iru wkh qxoo k|srwkhvlv ri frlqwhjudwlrq1 Wkh sursrvhg whvwv duh vhplsdud0
phwulf dqg xwlol}h ixoo| prglhg uhvlgxdov wr fruuhfw iru hqgrjhqhlw| dqg vhuldo
fruuhodwlrq dqg wr vfdoh rxw qxlvdqfh sdudphwhuv1 Wkh olplw glvwulexwlrq ri wkh
whvw lv ghulyhg xqghu erwk wkh qxoo dqg wkh dowhuqdwlyh k|srwkhvlv1 Wkh whvwv duh
hdv| wr xvh dqg duh irxqg wr shuirup txlwh zhoo lq d Prqwh Fduor h{shulphqw1
MHO Fodvvlfdwlrq=F 5 5
Nh| Zrugv dqg Skudvhv= Edqgzlgwk/ FXVXP whvw/ Ixoo| prglhg uhjuhvvlrq/
Qxoo ri frlqwhjudwlrq/ Uhvlgxdo edvhg whvw/ Vhplsdudphwulf phwkrg1
WZh wkdqn Shwhu Urelqvrq/ Mrkq Fkdr/ Urjhu Nrhqnhu/ Dqlo Ehud/ Whg Mxko/ dq Dvvrfldwh Hglwru/
wzr uhihuhhv/ dqg sduwlflsdqwv ri vhplqduv lq Xqlyhuvlw| ri Pdu|odqg dqg Xqlyhuvlw| ri Loolqrlv iru
khosixo frpphqwv1 Skloolsv wkdqnv wkh QVI iru vxssruw xqghu Judqw Qr1 VEU <:0635<81 [ldr wkdqnv
wkh Krqj Nrqj Uhvhdufk Judqwv Frxqflo iru vxssruw xqghu Judqw Qr1 FXKN 73:;2<;1
44 Lqwurgxfwlrq
Lq wkh odvw whq |hduv/ d vxevwdqwldo erg| ri hfrqrphwulf wkhru| kdv ghyhorshg iru
whvwlqj wkh suhvhqfh ri frlqwhjudwlrq lq wlph vhulhv prghov +vhh Skloolsv/ 4<<4d> Vwrfn
dqg Zdwvrq/4<;;> Skloolsv dqg Rxoldulv/ 4<<3> Kdqvhq/ 4<<5d> Mrkdqvhq/ 4<<4/ 4<<8>
dqg Sdun/ Rxoldulv dqg Fkrl/ 4<;;/ dprqj rwkhuv,1 Lq wkhlu ruljlqdo vwxg|/ Hqjoh
dqg Judqjhu +4<;:, vxjjhvw whvwlqj frlqwhjudwlrq e| h{dplqlqj zkhwkhu ru qrw wkh
uhvlgxdov iurp wkh frlqwhjudwlqj uhjuhvvlrq frqwdlq d xqlw urrw/ dqg Skloolsv dqg
Rxoldulv +4<<3, vwxg| wkh dv|pswrwlf surshuwlhv ri wkhvh vr0fdoohg uhvlgxdo0edvhg whvwv1
Vwrfn dqg Zdwvrq +4<;;, sursrvh wkh cfrpprq wuhqgv* dssurdfk edvhg rq wkh idfw
wkdw d yhfwru wlph vhulhv frlqwhjudwhg zlwk rughu u fdq eh zulwwhq dv wkh vxp ri
q  u frpprq wuhqgv dqg dq L+3, frpsrqhqw1 Xvlqj wkh uhgxfhg udqn uhjuhvvlrq
whfkqltxh/ Mrkdqvhq +4<<4/ 4<<8, vwxglhg olnholkrrg lqihuhqfh edvhg rq d Jdxvvldq
huuru fruuhfwlrq prgho dqg vkrzhg wkdw wkh dv|pswrwlf glvwulexwlrq ri wkh olnholkrrg
udwlr whvwv iru frlqwhjudwlrq lv ghwhuplqhg e| d jhqhudol}hg hljhqydoxh sureohp dqg
kdv wkh irup ri d pxowlyduldwh xqlw urrw glvwulexwlrq1 Pruh uhfhqwo|/ Skloolsv +4<<9,
kdv sursrvhg wuhdwlqj frlqwhjudwlqj udqn dv d pdwwhu ri rughu vhohfwlrq dqg jlyhv
phwkrgv iru wkh mrlqw ghwhuplqdwlrq ri frlqwhjudwlqj udqn dqg odj rughu vhohfwlrq lq
yhfwru dxwruhjuhvvlrqv wkdw kdyh ehhq vkrzq wr eh frqvlvwhqw lq Fkdr dqg Skloolsv
+4<<<,1
Dprqj wkhvh ydulrxv whvwv iru frlqwhjudwlrq/ wkh uhvlgxdo0edvhg surfhgxuh kdv ehhq
rqh ri wkh pruh iuhtxhqwo| xvhg dssurdfkhv lq hpslulfdo uhvhdufk1 Wkh uhvlgxdo0edvhg
surfhgxuh zdv dqdo|}hg dqg fulwlfdo ydoxhv zhuh uhsruwhg lq Skloolsv dqg Rxoldulv
+4<<3, dqg odwhu e| PdfNlqqrq +4<<4,1 Wkhvh whvwv wdnh wkh uhvlgxdov fdofxodwhg
iurp wkh frlqwhjudwlqj uhjuhvvlrq +frqyhqwlrqdoo|/ d vlpsoh ROV uhjuhvvlrq dprqj wkh
ohyhov ri hfrqrplf wlph vhulhv, dqg dsso| xqlw urrw whvwv wr wkh uhvlgxdov1 Li wkhuh lv qr
frlqwhjudwlrq dprqj wkh lqglylgxdo wlph vhulhv/ wkh uhvlgxdo surfhvv vkrxog frqwdlq d
xqlw urrw1 Rwkhuzlvh/ li wkhuh lv frlqwhjudwlrq/ wkh uhvlgxdov zloo eh vwdwlrqdu|1 Wkxv/
xqlw urrw whvwv fdq eh dssolhg wr wkh uhvlgxdo surfhvv dqg wkh qxoo k|srwkhvlv wkdw
wkhuh lv d xqlw urrw lq wkh uhvlgxdo surfhvv fruuhvsrqgv wr wkh qxoo k|srwkhvlv ri qr
frlqwhjudwlrq lq wkh yhfwru wlph vhulhv1 Wkhvh surfhgxuhv duh xvhg lq wkh vdph zd| dv
xqlw urrw whvwv/ exw wkh gdwd duh wkh uhvlgxdov iurp wkh frlqwhjudwlqj uhjuhvvlrq/ dqg
wkh dowhuqdwlyh k|srwkhvlv ri frlqwhjudwlrq lv qrz wkh pdlq k|srwkhvlv ri lqwhuhvw1
Ehlqj xqlw urrw whvwv/ wkhvh surfhgxuhv duh ghvljqhg wr whvw wkh qxoo k|srwkhvlv ri
qr frlqwhjudwlrq1 Vlqfh frlqwhjudwlrq lv wkh sulpdu| lqwhuhvw/ lw lv qdwxudo wr frqvlghu
uhvlgxdo0edvhg surfhgxuhv wkdw vhhn wr whvw d qxoo k|srwkhvlv ri frlqwhjudwlrq1 Vklq
+4<<7, xvhg d frpsrqhqw uhsuhvhqwdwlrq ri wkh wlph vhulhv dqg sursrvhg d uhvlgxdo0
edvhg whvw iru wkh qxoo k|srwkhvlv ri frlqwhjudwlrq edvhg rq wkh NSVV +Nzldwnrzvnl
5hw do1 4<<4, whvw iru vwdwlrqdulw|1 Uhodwhg/ exw ohvv srsxodu/ phwkrgv kdyh ehhq
frqvlghuhg e| Sdun +4<<3,/ dqg Sdun/ Rxoldulv/ dqg Fkrl +4<;;,/ dprqj rwkhuv1
Dv wklv sdshu vkrzv/ wkh qxoo k|srwkhvlv ri frlqwhjudwlrq fdq eh whvwhg e| gluhfwo|
orrnlqj dw wkh  xfwxdwlrq lq wkh uhvlgxdo surfhvv ri d frlqwhjudwlqj uhjuhvvlrq1 Lq
sduwlfxodu/ zh vkrz wkdw wkh frqyhqwlrqdo FXVXP +ru PRVXP, whvw iru vwuxfwxudo
vwdelolw| fdq dovr eh dssolhg wr wkh uhvlgxdov lq d frlqwhjudwlqj uhjuhvvlrq dqg surylgh
dqrwkhu zd| ri whvwlqj wkh qxoo k|srwkhvlv ri frlqwhjudwlrq1 Wkh FXVXP whvw zdv
lqwurgxfhg e| Eurzq/ Gxuelq dqg Hydqv +4<:8, iru wkh vwxg| ri vwuxfwxudo fkdqjh
dqg wkh ruljlqdo whvw vwdwlvwlf zdv frqvwuxfwhg edvhg rq fxpxodwhg vxpv ri uhfxuvlyh
uhvlgxdov1 Sorehujhu dqg Nudphu +4<<5, h{whqghg wkh FXVXP whvw wr ROV uhvlgxdov1
Qrzdgd|v/ wkhvh whvwv duh zlgho| xvhg lq hfrqrphwulfv dqg vwdwlvwlfv/ dqg kdyh ehfrph
hvshfldoo| srsxodu ehfdxvh wkh| gudz dwwhqwlrq wr vwuxfwxudo fkdqjh dqg euhdnsrlqwv
lq wkh gdwd1 Wklv sdshu iroorzv xs suhylrxv zrun rq FXVXP whvwv dqg frqvlghuv lwv
h{whqvlrq wr wkh uhvlgxdov lq frlqwhjudwlqj uhjuhvvlrqv1 Wr rewdlq d ydolg frlqwhjudwlqj
FXVXP whvw/ zh prgli| ROV uhjuhvvlrq e| phdqv ri vhplsdudphwulf fruuhfwlrqv iru
vhuldo fruuhodwlrq dqg hqgrjhqhlw| dqg frqvwuxfw ixoo| prglhg +Skloolsv dqg Kdqvhq
4<<3, uhvlgxdov vr wkdw wkh olplw surfhvv ri wkh fruuhvsrqglqj sduwldo vxpv fdq eh
h{suhvvhg dv d yduldqfh sdudphwhu pxowlsolhg e| d ixqfwlrqdo ri Eurzqldq prwlrq wkdw
lv iuhh ri qxlvdqfh sdudphwhuv1 Xqghu wkh qxoo k|srwkhvlv ri frlqwhjudwlrq/  xfwxdwlrqv
lq wkh uhvlgxdo surfhvv x| duh vlpso| htxloleulxp huuruv dqg wkxv wkh fxpxodwhg
vxpv ri wkh frlqwhjudwlqj uhvlgxdov duh ri rughu q￿*2= Li wkh uhvlgxdov glvsod| wrr
pxfk  xfwxdwlrq/ zh vkrxog uhmhfw wkh qxoo k|srwkhvlv ri frlqwhjudwlrq1
Forvho| uhodwhg zrun wr wkh zrun ri wkh suhvhqw sdshu lv Kdr dqg Lqghu +4<<9,4 zkr
frqvlghuhg whvwlqj vwuxfwxudo fkdqjh lq frlqwhjudwhg uhjuhvvlrqv +l1h1  @ frqvwdqw lq
uhjuhvvlrq +7, lq Vhfwlrq 5, edvhg rq wkh FXVXP vwdwlvwlf1 Zkloh wkhvh dxwkruv irfxv
rq wkh frqvwdqf| ri wkh uhjuhvvlrq sdudphwhu > zh frqvlghu d uhvlgxdo0edvhg whvw iru
wkh qxoo k|srwkhvlv ri frlqwhjudwlrq djdlqvw wkh dowhuqdwlyh ri qr frlqwhjudwlrq1 Wkh
wzr prghov kdyh wkh vdph ehkdylru xqghu wkh qxoo k|srwkhvhv exw duh glhuhqw xqghu
wkh dowhuqdwlyhv1 Uhdghuv duh uhihuuhg wr Kdr dqg Lqghu +4<<9, ru dq hduolhu yhuvlrq
ri wkh fxuuhqw sdshu iru d ghwdlohg dv|pswrwlf dqdo|vlv rq wkh qxoo prgho1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghyhorsv wkh ixoo| prglhg FXVXP
whvw iru frlqwhjudwlrq1 Frqvlvwhqf| lv vwxglhg lq Vhfwlrq 61 Vhfwlrq 7 uhsruwv qlwh
vdpsoh vl}h dqg srzhu edvhg rq d Prqwh Fduor h{shulphqw dqg Vhfwlrq 8 frqfoxghv1
Surriv duh jlyhq lq wkh Dsshqgl{1
Lq pdwwhuv ri qrwdwlrq/ zh xvh , wr vljqli| zhdn frqyhujhqfh ri wkh dvvrfldwhg
suredelolw| phdvxuhv/ ^qu`w rv l j q l i |w k hl q w h j h us d u wr iqu/ =@ wr vljqli| ghqlwlrqdo
htxdolw|/ dqg L+n, wr ghqrwh lqwhjudwlrq ri rughu n1 Frqwlqxrxv vwrfkdvwlf surfhvvhv
4Zh wkdqn wkh uhihuhhv iru eulqjlqj wr rxu dwwhqwlrq wklv uhodwhg zrun1
6vxfk dv wkh Eurzqldq prwlrq E+u, rq ^3>4` duh xvxdoo| zulwwhq vlpso| dv E dqg lqwh0
judov
U
duh xqghuvwrrg wr eh wdnhq ryhu wkh lqwhuydo ^3>4`/ xqohvv rwkhuzlvh vshflhg1
5 D FXVXP Whvw iru wkh Qxoo ri Frlqwhjudwlrq
Frqvlghu dq p0yhfwru wlph vhulhv i}|j jhqhudwhg e|
}| @ g| . }r
|> +4,
zkhuh g| lv wkh ghwhuplqlvwlf wuhqg frpsrqhqw zlwk xqnqrzq frh!flhqw pdwul{ 
dqg }r
| lv wkh vwrfkdvwlf frpsrqhqw1 Wkh ohdglqj fdvhv ri lqwhuhvw iru g| duh= +4, qr
wuhqg g| @3 > +5, d frqvwdqw whup g| @4 >dqg +6, d olqhdu wlph wuhqg g| @+ 4 >w,￿= Wkh
vwrfkdvwlf frpsrqhqw lv dq lqwhjudwhg surfhvv
}r
| @ }r
|3￿ . |>w @4 >===>q> +5,
zkhuh wkh lqlwldo revhuydwlrq ri }r
| lv wdnhq wr eh }r
f @3 > dqg wkh surfhvv i|j lv
vwulfwo| vwdwlrqdu| dqg hujrglf zlwk }hur phdq/ qlwh yduldqfh/ dqg vshfwudo ghqvlw|
pdwul{ i11+,1 Iru frqyhqlhqfh lq ghulylqj dv|pswrwlf wkhru|/ zh dvvxph wkdw wkh
udqgrp vhtxhqfh i|j iroorzv d jhqhudo olqhdu surfhvv +Skloolsv dqg Vror 4<<5, zkrvh
frh!flhqwv vdwlvi| wkh vxppdelolw| frqglwlrqv jlyhq lq wkh iroorzlqj Dvvxpswlrq1
Dvvxpswlrq O +Olqhdu Surfhvv,= | @ F+O,%|> zkhuh %| lv d zklwh qrlvh surfhvv
zlwk }hur phdq dqg yduldqfh pdwul{ 	0 A 3> dqg F+O,@
S"
￿’f F￿O￿> mF+4,m9 @3 /
dqg
S"
￿’￿m2 mF￿m ? 41
Wklv dvvxpswlrq hqvxuhv wkdw wkh sduwldo vxp surfhvv frqvwuxfwhg iurp | vdwlvhv
d pxowlyduldwh lqyduldqfh sulqflsoh= q3￿*2 Sd?oo
|’￿ | , E5+u,>3  u  4> zkhuh E5+u,
l vdE u r z q l d qp r w l r qz l w ko r q j 0 u x qy d u l d q f h




| ,￿ lqwr wkh vfdodu yduldwh |r
| dqg wkh s0yhfwru {r
| +p @ s.4, zlwk wkh iroorzlqj
































Iroorzlqj Skloolsv dqg Rxoldulv +4<<3, dqg Kdqvhq +4<<5d,/ zh dvvxph 
%% A 3 vr
wkdw frlqwhjudwlrq dprqj wkh hohphqwv ri {r





lv vwdwlrqdu| zlwk frqwlqxrxv vshfwudo ghqvlw| i￿￿+,> wkhq |r
| dqg {r
| duh frlqwhjudwhg
lq wkh vhqvh ri Hqjoh dqg Judqjhu +4<;:,1 Li wkh surfhvv x| vdwlvhv Dvvxpswlrq O/
7wkhq d ixqfwlrqdo olplw wkhruhp krogv iru wkh sduwldo vxpv frqvwuxfwhg iurp x|> yl}1
q3￿*2 Sd?oo
|’￿x| , E￿+u,@EP+$2
￿,>3  u  4> zkhuh $2
￿ @5 i￿￿+3, lv wkh orqj0uxq
yduldqfh ri wkh surfhvv x|=
Dv glvfxvvhg lq Skloolsv +4<;9, dqg Skloolsv dqg Rxoldulv +4<<3,/ wkh k|srwkhvlv








%%m> vr wkdw li $+￿% @ $++ $￿
%+
3￿
%%$%+ @3 > 
 lv vlqjxodu/ dqg
|r
| dqg {r
| duh frlqwhjudwhg +Skloolsv/ 4<;9,1 Wkxv/ lq whupv ri wkh frqglwlrqdo yduldqfh
sdudphwhu $+￿%/ wkh qxoo k|srwkhvlv ri frlqwhjudwlrq fruuhvsrqgv wr Kf = $+￿% @3 > dqg
wkh dowhuqdwlyh k|srwkhvlv ri qr frlqwhjudwlrq lv K￿ = $+￿% A 3= Whvwv edvhg rq wklv
irupxodwlrq lq whupv ri wkh yduldqfh sdudphwhu zhuh ruljlqdoo| ghyhorshg lq Skloolsv
dqg Rxoldulv +4<;;, dqg lqyroyh d qxoo lq zklfk wkh sdudphwhu $+￿% lv rq wkh erxqgdu|1
Wkhlu dssurdfk xvhv sulqflsdo frpsrqhqwv dqg ohdgv wr d frqghqfh olplw udwkhu wkdq
d irupdo vwdwlvwlfdo whvw ri wkh qxoo1 Iru wkdw uhdvrq/ uhvlgxdo edvhg frlqwhjudwlrq whvwv
+zkhuh K￿ l vw k hq x o o ,d u hf r q v l g h u h gw re hp r u hs u d f w l f d o 1
Frpelqlqj prghov +4, dqg +6,/ zh kdyh wkh iroorzlqj uhsuhvhqwdwlrq












Wkh uhvlgxdo0edvhg whvw +Hqjoh dqg Judqjhu/ 4<;:> Skloolsv dqg Rxoldulv/ 4<<3> Kdqvhq
4<<5d, frqvlghuv d qxoo k|srwkhvlv ri qr frlqwhjudwlrq dqg dssolhv vfdodu xqlw urrw
whvwv wr wkh uhvlgxdov ri wkh frlqwhjudwlqj uhjuhvvlrq +7,=
e x| @ ||  e ￿g|  e 
￿
{| @ ||  e z|= +8,
Lq wklv sdshu/ zh sursrvh whvwlqj wkh qxoo k|srwkhvlv ri frlqwhjudwlrq +Kf,g l u h f w o |
e| orrnlqj dw wkh  xfwxdwlrq lq wkh uhvlgxdo surfhvv e x|= W k hl q w x l w l r qr iw k hv x j j h v w h g
whvwv lv dv iroorzv1 Li d orqj whup htxloleulxp uhodwlrqvkls h{lvwv ehwzhhq || dqg {|> l1h1/
|| dqg {| duh frlqwhjudwhg/ wkhq wkh uhvlgxdo surfhvv lq wkh frlqwhjudwlqj uhjuhvvlrq
+8, vkrxog eh vwdeoh dqg  xfwxdwlrqv lq e x| uh hfw rqo| htxloleulxp huuruv1 Rwkhuzlvh/
wkh  xfwxdwlrqv lq e x| fdq eh h{shfwhg wr eh ri d odujhu rughu ri pdjqlwxgh1 Wkxv/
wkh qxoo k|srwkhvlv ri frlqwhjudwlrq vkrxog eh uhmhfwhg zkhqhyhu wkhuh lv h{fhvvlyh
 xfwxdwlrq lq wkh uhvlgxdov ri +8,=
Wr phdvxuh wkh  xfwxdwlrq lq wkh uhvlgxdo surfhvv/ zh frqvlghu wkh iroorzlqj










    = +9,
8Zh dvvxph wkdw wkhuh lv d vwdqgdugl}lqj pdwul{ G? vxfk wkdw G?gd?oo $ g+u, dv
q $4 1 Iru wkh fdvh ri d olqhdu wuhqg/ G? @ gldj^4>q 3￿` dqg g+u,@+ 4 >u,￿= Xq0
ghu Dvvxpswlrq O dqg wkh qxoo ri frlqwhjudwlrq/ wkh ohdvw vtxduhv hvwlpdwru ri wkh
frlqwhjudwlqj yhfwru > e /l vq0frqvlvwhqw dqg wkh dv|pswrwlf surshuwlhv ri e  duh zhoo
nqrzq +Sdun dqg Skloolsv 4<;;> Skloolsv dqg Kdqvhq 4<<3,1 Lqghhg/























e x| , i+u>E￿>E%>￿%,> +;,
zkhuh i+u>E￿>E%>￿%, lv d ixqfwlrq ri E￿+u,>E %+u,> dqg ￿%= Krzhyhu/ xqghu wkh
dowhuqdwlyh k|srwkhvlv ri qr frlqwhjudwlrq +K￿,/ wkh uhvlgxdo surfhvv ri uhjuhvvlrq +8,
lv qrqvwdwlrqdu| dqg wkh fxpxodwhg vxp surfhvv frqvwuxfwhg iurp e x| kdv d odujhu
r u g h ur ip d j q l w x g h 1 L wl vh d v |w ry h u l i |w k d wl qw k l vf d v h
Sd?oo
|’￿ e x| @ RR+q￿*2,= Dv d
uhvxow/ wkh vwdwlvwlf +9, glyhujhv dw udwh q xqghu K￿=
D ydolg whvw vwdwlvwlf vkrxog kdyh d olplw glvwulexwlrq wkdw lv iuhh ri qxlvdqfh sdud0
phwhuv xqghu wkh qxoo k|srwkhvlv1 Qrwlfh wkdw wkh olplwlqj surfhvvhv E%+u, dqg E￿+u,
lq +;, zloo eh fruuhodwhg Eurzqldq prwlrqv zkhqhyhu frqwhpsrudqhrxv fruuhodwlrq
ehwzhhq 2| dqg x| h{lvwv1 Ghvslwh vxshu0frqvlvwhqf|/ e  lv vhfrqg0rughu eldvhg dqg
wkh plvfhqwhulqj hhfw lq wkh olplw glvwulexwlrq +:, lv uh hfwhg lq %￿1 Dv d uhvxow/
wkh vwdwlvwlf +9, fdq qrw eh xvhg gluhfwo| iru whvwlqj frlqwhjudwlrq1
Wr holplqdwh wkh qxlvdqfh sdudphwhuv iurp wkh olplwlqj qxoo glvwulexwlrq/ zh frq0
vwuxfw ixoo| prglhg +IP, uhvlgxdov1 Ixoo| prglhg ohdvw vtxduhv uhjuhvvlrq zdv
ruljlqdoo| sursrvhg e| Skloolsv dqg Kdqvhq +4<<3, dqg ixuwkhu vwxglhg lq Skloolsv
+4<<8, zlwk wkh lqwhqw ri surylglqj d uhjuhvvlrq edvhg surfhgxuh iru wkh rswlpdo
hvwlpdwlrq ri frlqwhjudwlqj uhjuhvvlrqv1 Wr frqvwuxfw ixoo| prglhg uhvlgxdov/ zh














































9zkhuh n+, lv wkh odj zlqgrz ghqhg rq ^4>4` zlwk n+ 3 ,@4 /d q gP lv wkh edqg0
zlgwk sdudphwhu vdwlvi|lqj wkh surshuw| wkdw P $4dqg P@q $ 3 dv wkh vdpsoh
vl}h q $4 = Lq odwhu dqdo|vlv/ iru qrwdwlrqdo frqyhqlhqfh/ zh zloo dovr xvh wkh vshf0
wudo zlqgrz fruuhvsrqglqj wr n+,> yl}1/ N+, @ olp+5P,3￿ S
￿ n+k@P,h￿￿b= Wkh
txdqwlwlhv F￿￿+k,>F %￿+k,/d q gF%%+k, duh vdpsoh fryduldqfhv ghqhg e| F￿￿+k,@
q3￿ S￿ e x|e x|n￿>F %￿+k,@q3￿ S￿ {|e x|n￿/ F%%+k,@q3￿ S￿ {|{￿
|n￿/z k h u h
S￿ vlj0
qlhv vxppdwlrq ryhu 4  w>w . k  q1W k x v / F%%+k,@q3￿ S?3￿
|’￿ {|{￿
|n￿ iru
k  31 Xqghu wkh qxoo k|srwkhvlv ri frlqwhjudwlrq/ e $2
￿> e %￿> e %%/ e 
%￿/d q ge 
%% duh
frqvlvwhqw hvwlpdwhv ri $2
￿> %￿/ %%/ 
%￿/d q g
%%=
Iroorzlqj Skloolsv dqg Kdqvhq +4<<3, dqg Skloolsv +4<<8,/ zh ghqh
|n




%￿> dqg e n





















dqg kdv dq dv|pswrwlfdoo| pl{hg qrupdo glvwulexwlrq1
Wkh ixoo| prglhg uhvlgxdo surfhvv fdq eh frqvwuxfwhg edvhg rq |n
| dqg e n=
e xn
| @ |n


























%￿>V +u,￿ @+ g+u,￿>Z 2+u,￿,>Z ￿+u, dqg Z2+u, duh 4 dqg
s0glphqvlrqdo vwdqgdug Eurzqldq prwlrqv wkdw duh lqghshqghqw ri hdfk rwkhu1
Vlqfh e $2





%￿ lv d frqvlvwhqw qrqsdudphwulf hvwlpdwru ri $2
￿￿%> zh
rewdlq wkh iroorzlqj FXVXP whvw wkdw lv dv|pswrwlfdoo| iuhh ri qxlvdqfh sdudphwhuv
dqg fdq eh xvhg lq whvwlqj wkh qxoo k|srwkhvlv ri frlqwhjudwlrq=











    = +<,
Zh vxppdul}h wkh dv|pswrwlf glvwulexwlrq ri FV? lq Wkhruhp 41
Wkhruhp 4= Xqghu wkh qxoo k|srwkhvlv ri frlqwhjudwlrq/ li x| vdwlvhv Dvvxpswlrq











Mxvw olnh wkh olplw glvwulexwlrq ri wkh uhvlgxdo0edvhg whvw iru wkh qxoo ri qr frlq0
whjudwlrq/ wkh olplwlqj yduldwh +43, lv ghshqghqw rq wkh olplwlqj ixqfwlrq ri wkh gh0
whuplqlvwlf wuhqg/ dv zhoo dv wkh nqrzq glphqvlrqdo frqvwdqw s1 Iru wkh fdvh zlwk
qr wuhqg/ fulwlfdo ydoxhv kdyh ehhq frpsxwhg edvhg rq d gluhfw vlpxodwlrq zlwk d
vdpsoh vl}h ri q @ 5333 dqg 53>333 uhsolfdwlrqv1 Wkhvh fulwlfdo ydoxhv duh uhsruwhg
lq Wdeoh 41 Iru fdvhv zkhuh g| htxdov d frqvwdqw dqg d olqhdu wuhqg/ Wdeohv ri fulwlfdo
ydoxhv fdq eh irxqg lq Kdr dqg Lqghu +4<<9, dqg dq hduo| yhuvlrq ri wkh fxuuhqw sdshu1
Wdeoh 4= Xsshu Wdlo Fulwlfdo Ydoxhv iru FV?= Fdvh zlwk Qr Ghwhuplqlvwlf Wuhqg
Fulwlfdo ohyho 48( 43( :=8( 8( 5=8( 4(
s @4 4 =7;3 4=949 4=:47 4=;75 5=396 5=659
s @5 4 =5;8 4=744 4=7;9 4=934 4=:;5 5=376
s @6 4 =47; 4=575 4=658 4=747 4=87: 4=:94
s @7 4 =367 4=45; 4=4<3 4=5:: 4=778 4=965
Uhpdun 41 Lq sulqflsoh/ dq| rwkhu  xfwxdwlrq whvw vwdwlvwlfv fdq eh dssolhg lq wkh
vdph zd|1 Jhqhudoo| vshdnlqj/ li zh frqvlghu d frqwlqxrxv ixqfwlrqdo k+, wkdw phd0









k+\?+u,, pd| eh xvhg dv d whvw vwdwlvwlf1 Iru h{dpsoh/ wkh PRVXP whvw zlwk frlqwh0












     
> +44,
zkhuh 3 ?k?4 lv d edqgzlgwk sdudphwhu iru wkh prylqj zlqgrz/ lqglfdwlqj wkh
sursruwlrq ri e xn
| xvhg wr frqvwuxfw wkh prylqj vxp1 Glhulqj iurp wkh FXVXP




| , lq wkh PRVXP whvw frqwdlqv d {hg qxpehu ri e xn
| = Iurp wkh frq0
vwuxfwlrq ri wkh PRVXP whvw/ lw lv dssduhqw wkdw wkh fulwlfdo ydoxhv ri wkh ghwuhqghg
PRVXP whvw zloo ghshqg rq wkh zlgwk ri wkh prylqj zlqgrz1 Lw fdq eh vkrzq
wkdw xqghu wkh dvvxpswlrqv jlyhq lq Wkhruhp 4/ wkh PRVXP whvw zlwk frlqwhjudwlqj
uhjuhvvlrq uhvlgxdov frqyhujhv zhdno| wr vxsf$o$￿3￿ mZ_+u . k,  Z_+u,m= Vlqfh wkh
xvh ri rwkhu w|shv ri  xfwxdwlrq whvw vwdwlvwlfv grhv qrw dhfw rxu dqdo|vlv lq dq| vxe0
vwdqwlyh zd|/ zh zloo irfxv rxu glvfxvvlrq rq wkh FXVXP whvw wr nhhs wkh glvfxvvlrq
vlpsoh1
Uhpdun 51 Wkh olplwlqj glvwulexwlrq ri vxsf$o$￿ mZ_+u,m pd| eh wuhdwhg dv dq
jhqhudol}hg yhuvlrq ri wkh fodvvlfdo Nroprjrur0Vpluqr w|sh glvwulexwlrq= Qrwlfh
;wkdw e| xvlqj wkh Fudphu0yrq Plvhv w|sh phdvxuh iru wkh  xfwxdwlrq lq uhvlgxdov> zh
fdq ghulyh wkh Vklq +4<<7, whvw1 Lq wklv vhqvh/ erwk wkh FXVXP whvw dqg wkh Vklq
whvw fdq eh rewdlqhg e| whvwlqj wkh  xfwxdwlrqv lq wkh uhvlgxdov1 Rxu surfhgxuh fru0
uhvsrqgv wr wkh Nroprjrur0Vpluqr whvw dqg wkh Vklq whvw lv ri Fudphu0yrq Plvhv
w|sh1
6 Whvw Frqvlvwhqf|
Wklv vhfwlrq frqvlghuv wkh dv|pswrwlf ehkdylru ri wkh frlqwhjudwlqj FXVXP whvw
xqghu wkh dowhuqdwlyh k|srwkhvlv ri qr frlqwhjudwlrq1 Lw lv lpsruwdqw wkdw d vwdwlvwlfdo
whvw eh deoh wr ixoo| glvfulplqdwh ehwzhhq wkh qxoo dqg wkh dowhuqdwlyh lq odujh vdpsohv1
Wklv lv d qrqwulyldo pdwwhu iru wkh sursrvhg whvw ehfdxvh erwk wkh qxphudwru dqg wkh
ghqrplqdwru ri wkh whvw vwdwlvwlf glyhujh xqghu wkh dowhuqdwlyh1
Xqghu wkh dowhuqdwlyh k|srwkhvlv/ wkhuh lv qr frlqwhjudwlrq ehwzhhq || dqg {| dqg
+7, lv frpprqo| uhjdughg dv d vsxulrxv uhjuhvvlrq/ zkrvh dv|pswrwlf ehkdylru zdv
vwxglhg e| Skloolsv +4<;9,1 Dv d uhvxow/ wkh sduwldo vxp ri e xn
| kdv d glhuhqw rughu







   glyhujhv
dv q $4 = Krzhyhu/ qrwlfh wkdw xqghu K￿/ wkh qrqsdudphwulf nhuqho hvwlpdwruv e $2
￿>
e %￿> dqg e 
%￿> zklfk duh frqvwuxfwhg iurp wkh uhvlgxdov ri +8,/ glyhujh dv zhoo1 Lq
rughu wr suryh frqvlvwhqf|/ zh qhhg wr vkrz wkdw wkh ghqrplqdwru glyhujhv dw d vorzhu
udwh1
Xqghu K￿ dqg Dvvxpswlrq O/ wkh ohdvw vtxduhv hvwlpdwru ri  kdv d qrq0ghjhqhudwh









zkhuh E+_> ghqhg vlploduo| wr E%_/l vw k hK l o e h u ws u r m h f w l r qr iE++u, rqwr wkh vsdfh
ruwkrjrqdo wr g+u,= Wkh ohdvw0vtxduhv uhvlgxdo e x| dqg lwv sduwldo vxp surfhvv kdyh wkh
iroorzlqj dv|pswrwlf ehkdylru=
















Wkh qrqsdudphwulf nhuqho hvwlpdwhv sod| dq lpsruwdqw uroh lq wkh sursrvhg sur0
fhgxuh dqg dhfw wkh rughu ri pdjqlwxgh ri wkh whvw vwdwlvwlf1 Wkh iroorzlqj Ohppd/
zklfk lv edvhg rq Skloolsv +4<<4e,/ jlyhv vrph xvhixo olplw uhvxowv iru wkh qrqsdud0
phwulf hvwlpdwhv xqghu wkh dowhuqdwlyh k|srwkhvlv1
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￿’fn+k@P, lv wkh rqh0vlghg frxqwhusduw ri N+3,1
Xvlqj wkh uhvxow ri Ohppd 4/ zh rewdlq wkh iroorzlqj Wkhruhp rq wkh frqvlvwhqf|
ri wkh whvw FV?1
Wkhruhp 5= Xqghu K ￿ dqg Dvvxpswlrq O/ dv q $4 > Su^FV? AE ?` $ 4 iru dq|
qrqvwrfkdvwlf vhtxhqfh E? @ r+q￿*2P3￿*2,1
Iurp wkhruhp 5/ lw lv dssduhqw wkdw wkh ehkdylru ri FV? xqghu wkh dowhuqdwlyh
k|srwkhvlv lv vlplodu wr wkdw ri wkh NSVV +Nzldwnrzvnl hw do1/ 4<<5, whvw lq wkdw wkh
glyhujhqfh udwh ri FV? xqghu K￿ lv ghshqghqw rq wkh edqgzlgwk h{sdqvlrq udwh1
Uhpdun 61 Li zh frpsduh wkh sursrvhg whvw zlwk d FXVXP whvw iru d vwuxfwxudo
euhdn +vd|/ Kdr dqg Lqghu +4<<9,/ Sorehujhu dqg Nudphu +4<<5,,/ wkh vwdwlvwlfdo surs0
huwlhv ri wkh uhvlgxdo surfhvv x| lq wkhvh prghov gr qrw fkdqjh ehwzhhq wkh qxoo dqg
wkh dowhuqdwlyh k|srwkhvlv/ dqg wkxv wkh rughu ri pdjqlwxgh ri wkh vfdodu +wkh yduldqfh
hvwlpdwru e $￿￿%, dovr grhv qrw fkdqjh xqghu wkh dowhuqdwlyh k|srwkhvlv1 Krzhyhu/ lq
wkh suhvhqw sdshu/ wkh ehkdylru ri x| fkdqjhv ixqgdphqwdoo| ehwzhhq wkh qxoo dqg
wkh dowhuqdwlyh/ dqg erwk wkh fxpxodwhg vxp +lq wkh qxphudwru, dqg wkh yduldqfh hv0
wlpdwru +lq wkh ghqrplqdwru, glyhujh xqghu wkh dowhuqdwlyh k|srwkhvlv/ frpsolfdwlqj
wkh frqvlvwhqf| lvvxh1
Uhpdun 71 Lq vwdwlrqdu| wlph vhulhv uhjuhvvlrq +l1h1 zlwk L+3, uhjuhvvruv/ vhh
Sorehujhu dqg Nudphu/ 4<<5,/ wkh olplwlqj glvwulexwlrq ri wkh FXVXP vwdwlvwlf lv
dv|pswrwlfdoo| lqyduldqw wr wkh olplw ehkdylru ri wkh uhjuhvvruv +rqo| wkh frqvwdqw
whup sod|v d uroh lq wkh olplw,1 Krzhyhu/ lq wkh frlqwhjudwlqj FXVXP whvw +<,/ eh0
fdxvh ri wkh odujhu vljqdo frqwdlqhg lq wkh qrqvwdwlrqdu| uhjuhvvruv/ wkh uhjuhvvruv gr
lq xhqfh wkh olplwlqj glvwulexwlrq/ dqg fulwlfdo ydoxhv ri wkh whvw duh ghshqghqw rq wkh
glphqvlrq ri {|/ uhsurgxflqj wkh zhoo nqrzq skhqrphqrq wkdw dulvhv lq frqyhqwlrqdo
uhvlgxdo edvhg whvwv +Skloolsv dqg Rxoldulv/ 4<<3,1
43Uhpdun 81 Wkh qrqsdudphwulf yduldqfh hvwlpdwhv wkdw duh xvhg lq wkh ixoo| prg0
lhg uhjuhvvlrq hqwdlo d fkrlfh ri edqgzlgwk P1 Mxvw olnh rwkhu vwdwlvwlfdo surfhgxuhv
wkdw xvh qrqsdudphwulf hvwlpdwruv/ wkh qlwh vdpsoh shuirupdqfh ri wkh sursrvhg
whvw ghshqgv rq wkh fkrlfh ri edqgzlgwk1 Wkh hpslulfdo vl}h dqg srzhu ri wkh whvw
fdq ydu| frqvlghudeo| zlwk edqgzlgwk vhohfwlrq dowkrxjk/ dv orqj dv wkh edqgzlgwk
P vdwlvhv d fhuwdlq h{sdqvlrq udwh/ wkh vhplsdudphwulf whvwv duh dv|pswrwlfdoo|
htxlydohqw1
Lq wkh olwhudwxuh ri fryduldqfh +ru/ pruh jhqhudoo|/ vshfwudo ghqvlw|, hvwlpdwlrq/
vhyhudo dxwrpdwlf edqgzlgwk phwkrgv kdyh ehhq ghyhorshg e| Vkhdwkhu +4<;9,/
Urelqvrq +4<;;,/ dqg Dqguhzv +4<<4, dprqj rwkhuv1 Vlqfh wkh irfxv ri wkrvh sdshuv
zdv ghqvlw| hvwlpdwlrq lwvhoi/ qrw k|srwkhvlv whvwv wkdw pd| uho| rq vxfk hvwlpdwruv/
wkh fulwhulrq ixqfwlrqv duh glhuhqw dqg lw fdq eh dqwlflsdwhg wkdw rswlpdo edqgzlgwk
fkrlfhv zloo fkdqjh zlwk wkh fulwhulrq ixqfwlrqv/ ghshqglqj rq wkh irfxv ri lqwhuhvw
lq wkh vwxg|1 Pruh lpsruwdqwo|/ wudglwlrqdo edqgzlgwk vhohfwlrq phwkrgv lq vshf0
wudo ghqvlw| hvwlpdwlrq zhuh ghulyhg iru vwdwlrqdu| wlph vhulhv zlwk zhdn ghshqghqfh1
Krzhyhu/ wkh vwdwlrqdulw| surshuwlhv ri wkh wlph vhulhv lq wkh fxuuhqw sdshu fkdqjh
ehwzhhq Kf dqg K￿= Wkxv/ wdnlqj lqwr dffrxqw wkh wudgh0r ehwzhhq fruuhfw vl}h dqg
uhdvrqdeoh srzhu/ wkh rswlpdo edqgzlgwk fkrlfhv rewdlqhg lq sdvw vwxglhv pd| qrw
eh dssursuldwh lq rxu whvw1 Lqghhg/ li zh xvh wkh wudglwlrqdo gdwd ghshqghqw edqg0
zlgwk fkrlfhv lq frlqwhjudwlrq whvwv/ wkh vdpsolqj shuirupdqfh ri wkh whvwv pd| eh
jrrg xqghu wkh qxoo k|srwkhvlv/ exw zloo eh srru xqghu wkh dowhuqdwlyh1 Iru h{dpsoh/
Dqguhzv +4<<4, vwxglhg edqgzlgwk vhohfwlrq lq qrqsdudphwulf yduldqfh hvwlpdwlrq
edvhg rq plqlpl}lqj wkh phdq vtxduhg huuru ri wkh nhuqho yduldqfh hvwlpdwru dqg
irxqg wkdw wkh rswlpdo edqgzlgwk lv jlyhq e| d uxoh ri wkh irup f+i>n,q￿*￿ iru wkh
Eduwohww hvwlpdwru/ zkhuh f+i>n, lv d ixqfwlrq ri wkh xqnqrzq vshfwudo ghqvlw|1 D
gdwd ghshqghqw edqgzlgwk fkrlfh fdq wkhq eh sursrvhg e| hvwlpdwlqj f+i>n, xvlqj
d soxj0lq phwkrg1 Li zh xvh wklv hvwlpdwru lq wkh frlqwhjudwlrq whvwv/ wkh rughu ri
pdjqlwxgh ri g f+i>n, pd| fkdqjh ehwzhhq Kf dqg K￿1 Dfwxdoo|/ g f+i>n, pd| glyhujh
xqghu wkh dowhuqdwlyh/ uhgxflqj wkh srzhu ri wkh whvw1
7 Ilqlwh Vdpsoh Shuirupdqfh
D Prqwh Fduor h{shulphqw zdv frqgxfwhg wr h{dplqh wkh qlwh vdpsoh shuirupdqfh
ri wkh FXVXP whvw iru frlqwhjudwlrq1 Iurp wkh frqvwuxfwlrq ri wkh whvw/ lw lv dssduhqw
wkdw lwv qlwh vdpsoh shuirupdqfh ghshqgv rq wkh vdpsoh vl}h q dqg wkh edqgzlgwk
sdudphwhu P xvhg wr fdofxodwh wkh orqj0uxq yduldqfh dqg fryduldqfh sdudphwhuv=
Wkxv/ vshfldo dwwhqwlrq lv sdlg khuh wr wkh hhfwv ri wkh edqgzlgwk dqg vdpsoh vl}h
44rq wkh shuirupdqfh ri wkhvh whvwv1
Wkh gdwd zhuh jhqhudwhg iurp wkh iroorzlqj elyduldwh uhjuhvvlrq prgho
|| @ {| . x|>@4 > +45,
zkhuh
x| @ x|3￿ . %|
dqg
{| @ y|>w@4 >===>q=








Wkh lqlwldo ydoxhv duh doo vhw wr eh }hur1 Zh h{dplqhg wkh whvw zlwkrxw wuhqg +l1h1
g| @3 , dqg wkh olqhdu wuhqg fdvh +l1h1 g| @+ 4 >w,,1 Wkxv/ wkh fruuhvsrqglqj 8( ohyho
fulwlfdo ydoxhv duh 41;75 +qr wuhqg fdvh, dqg 31;67 +olqhdu wuhqg fdvh,/ uhvshfwlyho|1
Lq wklv prgho/ wkh DU frh!flhqw  lv d frqyhqlhqw qxlvdqfh sdudphwhu wr lqyhvwl0
jdwh1 Iru mm ? 4>| | dqg {| duh frlqwhjudwhg/ dqg zkhq  @4 > wkhuh lv qr frlqwhjudwlrq
dqg uhjuhvvlrq +45, lv d vsxulrxv uhjuhvvlrq1 Dv  dssurdfkhv xqlw|/ wkhuh lv pruh dqg
pruh shuvlvwhqfh lq wkh uhvlgxdo surfhvv1 Lq frqvhtxhqfh/ lw lv dqwlflsdwhg wkdw wkh
hpslulfdo uhmhfwlrq udwh ri wkhvh whvwv zloo lqfuhdvh dv  lqfuhdvhv/ dqg wkh whvw zloo
ryhuuhmhfw wkh qxoo k|srwkhvlv ri frlqwhjudwlrq iru odujh > ghshqglqj rq krz forvh 
lv wr xqlw|1 D zlgh udqjh ri  ydoxhv kdv ehhq frqvlghuhg lq wkh vlpxodwlrq/ lqfoxglqj
 @3 >3=5=3=7>3=9>3=;>3=<>3=<8= Zh duh hvshfldoo| lqwhuhvwhg lq wkh fdvh zkhuh  lv
forvh wr xqlw|1 Lq wklv fdvh/ wkh v|vwhp lv qhduo| frlqwhjudwhg dqg ryhuuhmhfwlrq zloo
kdsshq pruh iuhtxhqwo|1 Iru wklv uhdvrq/ wkuhh ydoxhv + @3 =;>3=<>3=<8,w k d wd u h
forvh wr xqlw| duh vwxglhg1 Wkhvh ydoxhv duh dovr frpprqo| xvhg lq wkh Prqwh Fduor
vwxg| iru xqlw urrw whvwv1
Qrwlfh wkdw wkh edqgzlgwk sdudphwhu P fruuhvsrqgv wr wkh qxpehu ri odjv xvhg
wr fdofxodwh wkh orqj0uxq yduldqfh sdudphwhuv= Lqwxlwlyho|/ iru A3> wkh odujhu wkh
 ydoxh> wkh orqjhu wkh odjv zh vkrxog qhhg1 Wkxv/ iru vpdoo > zh h{shfw wkdw d
vpdoo edqgzlgwk ydoxh vkrxog surylgh uhdvrqdeo| jrrg qlwh vdpsoh shuirupdqfh1
Dv  lqfuhdvhv/ zh qhhg d odujhu P wr hvwlpdwh wkh orqj0uxq yduldqfh sdudphwhuv=
Wklv lqwxlwlrq lv frquphg lq wkh vlpxodwlrq uhvxowv1 Lq wkh h{shulphqw/ zh kdyh dovr
h{dplqhg wkh shuirupdqfh ri wkh whvw iru glhuhqw fkrlfhv ri wkh fruuhodwlrq frh!flhqw
= Vlqfh wkh uhvxowv duh txdolwdwlyho| vlplodu/ zh uhsruw wkh uhvxowv iru wkh fdvh zkhuh
 @3 =:= Wkh h{shulphqw frqvlghuhg wkh iroorzlqj vdpsoh vl}hv= q @4 3 3 >533>633>833=
Wkhvh vdpsoh vl}hv zhuh fkrvhq ehfdxvh wkh| uhsuhvhqw wkh prvw uhohydqw udqjh ri
45vdpsoh vl}hv lq hpslulfdo zrun1 Doo h{shulphqwv xvh 8/333 uhsolfdwlrqv1 Iru wkh nhuqho
ixqfwlrq/ wkh Eduwohww zlqgrz lv xvhg/ iroorzlqj Nzldwnrzvnl hw do1 +4<<5,/ vr wkdw
qrqqhjdwlylw| ri wkh yduldqfh hvwlpdwru lv jxdudqwhhg1
Vlqfh wkh edqgzlgwk lv dq lpsruwdqw sdudphwhu lq wkh frqvwuxfwlrq ri wkh whvw
vwdwlvwlf/ zh h{dplqhg wkh whvw edvhg rq txlwh d ihz glhuhqw fkrlfhv ri edqgzlgwk=
P4@4 / P5@6 / P6@^ 7 + q@433,￿*e`>P 7@^ 3 =8q￿*￿`/ P8@^ q￿*￿`/ P9@^ 5 q￿*￿`/
P:@Dqguhzv +4<<4, DU+4, soxj0lq hvwlpdwru1 Wkh uvw wzr edqgzlgwk ydoxhv duh
{hg dqg uhodwlyho| vpdoo1 Wkxv/ rqo| zkhq  lv forvh wr }hur zloo wkh whvw xvlqj wkhvh
edqgzlgwk fkrlfhv kdyh uhdvrqdeo| jrrg shuirupdqfh1 Wkh rwkhu yh edqgzlgwk
fkrlfhv duh doo lqfuhdvlqj zlwk wkh vdpsoh vl}h1 P6 lv ri rughu q￿*e dqg kdv ehhq xvhg
lq Vfkzhuw +4<;<,/ Nzldwnrzvnl hw do1 +4<<5,/ dqg rwkhu vlpxodwlrqv1 Lq wkh vshfwudo
ghqvlw| hvwlpdwlrq ri vwdwlrqdu| wlph vhulhv/ wkh rswlpdo edqgzlgwk lv R+q￿*￿, iru wkh
Eduwohww nhuqho1 Iru wklv uhdvrq/ zh frqvlghuhg vhyhudo edqgzlgwk fkrlfh wkdw duh ri
rughu q￿*￿= Lq sduwlfxodu/ P7>P8> dqg P9 duh doo ri rughu q￿*￿ exw kdyh glhuhqw
{hg vfdoduv1 P:@e +i,q￿*￿ lv wkh gdwd ghshqghqw edqgzlgwk xvlqj wkh DU+4,
soxj0lq1
Zh h{dplqhg wkh vl}h dqg srzhu ri wkh uhvlgxdo0edvhg surfhgxuhv1 Lq sduwlfxodu/
Wdeoh 5 uhsruwv wkh hpslulfdo vl}h ri whvwv fruuhvsrqglqj wr glhuhqw vhuldo fruuhodwlrq
+, dqg edqgzlgwk +P, fkrlfhv dw wkh 8( ohyho dqg iru wkh vdpsoh vl}h q @4 3 3 =
Wdeohv 6/ 7/ dqg 8 uhsruw wkh hpslulfdo vl}h iru fdvhv ri q @5 3 3 >633> dqg 833= Zkhq
wkh ydoxh ri  lv wdnhq wr eh xqlw|/ wkh uhmhfwlrq udwhv surylgh wkh hpslulfdo srzhu
ri wkh uhvlgxdo0edvhg whvw dqg wkhvh duh uhsruwhg lq Wdeoh 9 iru glhuhqw fkrlfhv ri
wkh edqgzlgwk sdudphwhu1 Erwk wkh fdvh zlwkrxw d wuhqg dqg wkh olqhdu wuhqg fdvh
duh uhsruwhg1 Lq sduwlfxodu/ wkh wrs sdqhov lq wkhvh wdeohv uhsruwv wkh uhvxowv zlwk qr
wuhqg dqg wkh erwwrp sdqhov jlyhv uhvxowv zlwk d olqhdu wuhqg1
Iurp Wdeohv 5/ 6/ 7/ dqg 8/ zh fdq vhh wkdw wkh whvwv kdyh uhdvrqdeoh vl}h li wkh
edqgzlgwk lv dssursuldwho| fkrvhq11 Wkh srru fdvhv duh wkrvh zlwk odujh  dqg vpdoo
P> dqg wkrvh zlwk d vpdoo vdpsoh dqg odujh P1 Iru fdvhv zlwk odujh  + 3=9,/
wkh sureohp ri ryhuuhmhfwlrq lv vhyhuh zkhq P @4ru 6 ehfdxvh/ dffruglqj wr wkh
dv|pswrwlf wkhru|/ wkh ydolglw| ri wkh whvwv uhtxluhv P wr lqfuhdvh zlwk q lq wklv fdvh1
Vl}h glvwruwlrq lv hvshfldoo| odujh zkhq  @3 =<> ru 3=<8 ehfdxvh lq wkhvh fdvhv wkh
uhvlgxdov duh qhduo| lqwhjudwhg1 D yhu| odujh edqgzlgwk lv qhhghg wr uhgxfh wkh vl}h
glvwruwlrq iru fdvhv zlwk odujh 1 Zh dovr vhh wkdw dv wkh vdpsoh vl}h lqfuhdvhv/ iru
odujh hqrxjk edqgzlgwk fkrlfhv/ wkh vl}h surshuw| lv uhdvrqdeo| jrrg/ fruurerudwlqj
wkh dv|pswrwlf wkhru|1
46Wdeoh 7= Hpslulfdo Vl}h/ q @4 3 3
Qr Wuhqg Fdvh
P4 P5 P6 P7 P8 P9 P:
 @3 3 =358 3=353 3=34: 3=355 3=34: 3=33< 3=356
 @3 =53 =374 3=355 3=34< 3=364 3=34< 3=33< 3=358
 @3 =73 =3;3 3=364 3=355 3=37< 3=355 3=346 3=355
 @3 =93 =4;3 3=379 3=35; 3=3;9 3=35; 3=347 3=34:
 @3 =;3 =637 3=445 3=3:8 3=548 3=3:8 3=347 3=349
 @3 =<3 =844 3=5;8 3=48; 3=768 3=48; 3=358 3=354
 @3 =<8 3=939 3=6<9 3=63; 3=858 3=63; 3=385 3=358
Olqhdu Wlph Wuhqg
P4 P5 P6 P7 P8 P9 P:
 @3 3 =356 3=354 3=34< 3=356 3=34< 3=367 3=356
 @3 =53 =394 3=364 3=35: 3=376 3=35: 3=363 3=364
 @3 =73 =484 3=386 3=375 3=3:; 3=375 3=368 3=365
 @3 =93 =658 3=438 3=39< 3=4;5 3=39< 3=36< 3=373
 @3 =;3 =:4: 3=5;< 3=4;7 3=796 3=4;7 3=37: 3=48<
 @3 =<3 =;95 3=83< 3=685 3=9<; 3=685 3=384 3=548
 @3 =<8 3=<38 3=939 3=778 3=:85 3=778 3=37; 3=698
Wdeoh 8= Hpslulfdo Vl}h/ q @5 3 3
Qr Wuhqg Fdvh
P4 P5 P6 P7 P8 P9 P:
 @3 3 =35: 3=354 3=34< 3=354 3=347 3=343 3=359
 @3 =53 =377 3=356 3=355 3=368 3=34; 3=345 3=365
 @3 =73 =3<3 3=364 3=35< 3=379 3=358 3=347 3=364
 @3 =93 =543 3=37< 3=367 3=3<8 3=35; 3=349 3=357
 @3 =;3 =745 3=496 3=3<5 3=5<: 3=3:8 3=35< 3=34<
 @3 =<3 =979 3=6;4 3=57; 3=889 3=569 3=37< 3=348
 @3 =<8 3=;88 3=989 3=7;6 3=;35 3=78< 3=43< 3=35:
Olqhdu Wlph Wuhqg
P4 P5 P6 P7 P8 P9 P:
 @3 3 =36; 3=366 3=365 3=369 3=364 3=365 3=369
 @3 =53 =3;3 3=37: 3=374 3=393 3=369 3=35: 3=37:
 @3 =73 =4;5 3=3:8 3=393 3=443 3=383 3=369 3=377
 @3 =93 =778 3=485 3=446 3=568 3=3;; 3=385 3=389
 @3 =;3 =;3: 3=785 3=649 3=983 3=564 3=3;9 3=39<
 @3 =<3 =<39 3=::5 3=978 3=;;8 3=859 3=489 3=3<7
 @3 =<8 3=<7< 3=;88 3=:;; 3=<48 3=:4; 3=598 3=3<9
47Wdeoh 9= Hpslulfdo Vl}h/ q @6 3 3
Qr Wuhqg Fdvh
P4 P5 P6 P7 P8 P9 P:
 @3 3 =35< 3=35: 3=357 3=35: 3=34< 31344 3=364
 @3 =53 =378 3=367 3=35; 3=367 3=354 3134; 3=379
 @3 =73 =3<7 3=369 3=365 3=369 3=35; 31355 3=376
 @3 =93 =558 3=394 3=369 3=394 3=368 3135; 3=374
 @3 =; 31766 3=468 313:; 3=468 3=398 31369 3=36<
 @3 =< 319<; 3=694 31535 3=694 3=4:8 3137< 3=364
 @3 =<8 31;34 3=936 31779 3=936 3=75< 31455 3=367
Olqhdu Wlph Wuhqg
P4 P5 P6 P7 P8 P9 P:
 @3 3136< 3136; 3136< 3136; 31369 31367 3136<
 @3 =5 313<4 31386 31379 31386 31377 31375 3137<
 @3 =7 31538 313<4 31395 313<4 31388 31379 31385
 @3 =9 317;< 3149< 313<8 3149< 313;8 31389 31393
 @3 =; 31;6< 31847 315:< 31847 31545 313;8 313::
 @3 =< 31<74 31;59 3194: 31;59 31855 31498 313<7
 @3 =<8 31<98 31<68 31;66 31<68 31:95 31678 313;6
Wdeoh := Hpslulfdo Vl}h/ q @8 3 3
Qr Wuhqg Fdvh
P4 P5 P6 P7 P8 P9 P:
 @3 3 =368 3=367 3=367 3=367 3=365 3=35: 3=388
 @3 =53 =38< 3=378 3=376 3=378 3=36; 3=35; 3=389
 @3 =73 =3<< 3=384 3=379 3=384 3=373 3=363 3=384
 @3 =93 =563 3=39< 3=37; 3=39< 3=374 3=363 3=383
 @3 =; 317;< 31534 3143< 3=534 3=393 3=36< 3=37:
 @3 =< 31:55 3183< 31595 3=83< 3=4<4 3=384 3=36<
 @3 =<8 31;7; 31::8 31988 3=::8 3=835 3=496 3=369
Olqhdu Wlph Wuhqg
P4 P5 P6 P7 P8 P9 P:
 @3 31374 3136; 3136< 3136; 3136: 31365 31374
 @3 =5 313<: 3138: 31379 3138: 31377 3136< 3137:
 @3 =7 31546 313;< 31398 313;< 31393 31388 3138:
 @3 =9 31857 314:5 31436 314:5 313;: 313:; 313:;
 @3 =; 31;;6 3184: 31598 3184: 314:< 313<5 313<3
 @3 =< 31<85 31;96 31:38 31;96 31839 314:4 31435
 @3 =<8 31<;< 31<95 31;<8 31<95 31;43 316;8 31468
48Wdeoh ;= Hpslulfdo Srzhu
Qr Wuhqg Fdvh
P4 P5 P6 P7 P8 P9 P:
q @4 3 3 3 =:;7 3=834 3=733 3=964 3=733 3=478 3=364
q @5 3 3 3 =<7: 3=:<; 3=:5: 3=;:8 3=998 3=68; 3=358
q @6 3 3 3 =<:6 3=;<9 3=:<7 3=;<9 3=:95 3=785 3=378
q @8 3 3 3 =<<5 3=<95 3=<47 3=<95 3=;39 3=968 3=37:
Olqhdu Wlph Wuhqg
P4 P5 P6 P7 P8 P9 P:
q @4 3 3 31<58 31999 3185< 31;48 3185< 313<5 31655
q @5 3 3 31<<5 31<6; 31;;9 31<:5 31;58 31749 31445
q @6 3 3 31<<< 31<;5 31<68 31<;5 31<35 31939 313<4
q @8 3 3 31<<< 31<<; 31<<5 31<<; 31<:< 31;37 31586
Wdeoh 9 uhsruwv vlpxodwlrq uhvxowv rq wkh srzhu ri wkhvh whvwv1 Djdlq/ wkh hhfwv
ri wkh edqgzlgwk dqg wkh vdpsoh vl}h rq wkh srzhu ri wkh whvwv duh frqvlghuhg1
Wkh whvwv kdyh jrrg srzhu lq pdq| fdvhv +h{fhsw iru wkrvh zlwk vpdoo vdpsohv dqg
odujh edqgzlgwkv/ dqg wkrvh xvlqj P:,1 Dv dqwlflsdwhg iurp whvw frqvlvwhqf|/ iru
hdfk edqgzlgwk fkrlfh/ wkh srzhu lqfuhdvhv dv q lqfuhdvhv1 Lw lv dovr dssduhqw iurp
Wdeoh ; wkdw iru hdfk vdpsoh vl}h/ wkh srzhu ghfuhdvhv dv wkh edqgzlgwk sdudphwhu
lqfuhdvhv1 Dffruglqj wr wkh dv|pswrwlf dqdo|vlv/ wkh glvwulexwlrq ri wkh whvwv xqghu
wkh dowhuqdwlyh k|srwkhvlv ghshqgv rq q@P> zlwk odujh P +jlyhq q, jhqhudoo| uhgxflqj
srzhu1
D q d oz r u gr qw k hw h v wx v l q je d q g z l g w kP:= Lq wklv fdvh/ wkh whvw kdv jrrg
vl}h surshuw| exw doprvw qr srzhu1 Qrwlfh wkdw/ fruuhvsrqglqj wr wkh DU+4, soxj0lq
phwkrg/ P:@4 =477:+e q,￿*￿ zkhuh e  @7e 2@+4e 2,2 dqg e  lv wkh DU+4, frh!flhqw
hvwlpdwru1 Xqghu wkh dowhuqdwlyh k|srwkhvlv/ e  dfwxdoo| glyhujhv wr 4= Lq idfw/ P:
lv ri rughu q xqghu wkh dowhuqdwlyh1 Dv d uhvxow/ wkh whvw lv qr orqjhu frqvlvwhqw dqg
kdv qr dv|pswrwlf srzhu djdlqvw K￿1
8 Frqfoxvlrq
Wklv sdshu vkrzv krz wkh FXVXP whvw iru vwuxfwxudo fkdqjh fdq eh dssolhg wr frlqwh0
judwlqj uhjuhvvlrq uhvlgxdov1 Lq sduwlfxodu/ uhvlgxdo0edvhg whvwv iru wkh qxoo k|srwkhvlv
ri frlqwhjudwlrq fdq eh frqvwuxfwhg e| orrnlqj dw  xfwxdwlrqv lq wkh uhvlgxdov iurp wkh
frlqwhjudwlqj uhjuhvvlrq1 Dv|pswrwlf glvwulexwlrqv ri wkhvh whvwv zhuh ghulyhg xqghu
erwk wkh qxoo k|srwkhvlv dqg wkh dowhuqdwlyh ri qr frlqwhjudwlrq1 Wkh olplw glvwule0
49xwlrqv duh qrqvwdqgdug dqg duh ixqfwlrqv ri vhyhudo Eurzqldq prwlrqv/ exw ghshqg
rqo| rq wkh glphqvlrq ri wkh v|vwhp dqg rq wkh irup ri dq| ghwhuplqlvwlf ghwuhqglqj1
Wkh qhz whvwv duh vkrzq wr eh frqvlvwhqw dqg wkhlu dv|pswrwlf ehkdylru xqghu wkh
d o w h u q d w l y hl vv l p l o d uw rw k d wr iw k hN S V Vw h v w vl qw k hv h q v hw k d ww k h l ug l y h u j h q f h
udwh ghshqgv rq wkh edqgzlgwk sdudphwhu1 Wkhvh whvwv frpsohphqw frqyhqwlrqdo
uhvlgxdo0edvhg surfhgxuhv dqg duh d frpsdqlrq wr wkh zrun ri Kdr dqg Lqghu +4<<9,
rq wkh xvh ri FXVXP whvwv iru vwuxfwxudo euhdnv lq frlqwhjudwlqj uhjuhvvlrq1
9 Dsshqgl{= Surriv
Lq wklv Dsshqgl{/ zh jlyh surriv iru wkh uhvxowv xqghu K￿= Iru dv|pswrwlf dqdo|vlv ri
wkh whvw xqghu Kf> uhdghuv duh uhihuuhg wr Kdr dqg Lqghu +4<<9, ru dq hduolhu yhuvlrq
ri wkh fxuuhqw sdshu zklfk pd| eh rewdlqhg iurp wkh dxwkruv1
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Vlploduo|/ zh fdq vkrz wkdw
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4;915 Surri ri Wkhruhp 5
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E| wkh uhvxow ri Ohppd 4 dqg qrwlfh wkdw
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Wkh uhvxow ri Wkhruhp 5 wkhq iroorzv lpphgldwho|1
4<: Uhihuhqfhv
Dqguhzv/ G1Z1N1/ 4<<4/ Khwhurvnhgdvwlflw| dqg dxwrfruuhodwlrq frqvlvwhqw frydul0
dqfh pdwul{ hvwlpdwlrq/ Hfrqrphwulfd/ 8</ ;4:;8;1
Eurzq/ U1O1/ M1 Gxuelq/ dqg M1 Hydqv/ 4<:8/ Whfkqltxhv iru whvwlqj wkh frqvwdqf|
ri uhjuhvvlrq uhodwlrqvkls ryhu wlph/ M1U1V1V1 +E,/ 6:/ 47<0961
Fkdr/ M1 dqg S1 F1 E1 Skloolsv +4<<<,1 Ed|hvldq prgho vhohfwlrq lq sduwldoo| qrq0
vwdwlrqdu| yhfwru dxwruhjuhvvlyh surfhvvhv zlwk uhgxfhg udqn vwuxfwxuh/ Mrxu0
qdo ri Hfrqrphwulfv/ Yro <4/ 55:05:41
Hqjoh/ U1I1 dqg F1Z1M1 Judqjhu +4<;:,/ Frlqwhjudwlrq dqg Huuru Fruuhfwlrq= Uhs0
uhvhqwdwlrq/ Hvwlpdwlrq/ dqg Whvwlqj/ Hfrqrphwulfd 88/ 584 0 5:9
Mrkdqvhq/ V1 +4<<4,/ Hvwlpdwlrq dqg k|srwkhvlv whvwlqj ri frlqwhjudwlrq yhfwruv lq
Jdxvvldq yhfwru dxwruhjuhvvlyh prghov/ Hfrqrphwulfd 8</ 4884 0 48;31
Mrkdqvhq/ V1 +4<<8,/ Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruhjuhvvlyh
prghov/ R{irug= R{irug Xqlyhuvlw| Suhvv1
Kdqqdq/ H1 M1/ 4<:3/ Pxowlsoh Wlph Vhulhv/ Zloh|/ Qhz \run1
Kdqvhq/ E1/ 4<<5d/ H!flhqw hvwlpdwlrq dqg whvwlqj ri frlqwhjudwlqj yhfwruv lq wkh
suhvhqfh ri ghwhuplqlvwlf wuhqgv/ Mrxuqdo ri Hfrqrphwulfv/ 86/ ;:04541
Kdqvhq/ E1/ 4<<5e/ Whvwv iru sdudphwhu lqvwdelolw| lq uhjuhvvlrqv zlwk L+4, surfhvv0
hv/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ Yro1 43/65406681
Kdr/ N1 dqg E1 Lqghu/ 4<<9/ Gldjqrvwlf whvw iru vwuxfwxudo fkdqjh lq frlqwhjudwhg
uhjuhvvlrq prghov/ Hfrqrplf Ohwwhuv 83/ 4:<04;:1
Nzldwnrzvnl/ G1/ S1F1E1 Skloolsv/ S1 Vfkplgw dqg \1 Vklq/ 4<<5/ Whvwlqj wkh qxoo
k|srwkhvlv ri vwdwlrqdulw| djdlqvw wkh dowhuqdwlyh ri d xqlw urrw= Krz vxuh duh
zh wkdw hfrqrplf wlph vhulhv kdyh d xqlw urrwB/ Mrxuqdo ri Hfrqrphwulfv/ 87/
48<4:;1
Sdun/ M1/ V1 Rxoldulv/ dqg E1 Fkrl/ 4<;;/ Vsxulrxv uhjuhvvlrqv dqg whvwv iru frlqwh0
judwlrq/ plphr/ Fruqhoo Xqlyhuvlw|1
Sdun/ M1/ S1F1E1 Skloolsv/ 4<;;/ Vwdwlvwlfdo lqihuhqfh lq uhjuhvvlrqv zlwk lqwhjudwhg
surfhvv= Sduw L/ Hfrqrphwulf Wkhru|/ 7/ 79;07<;1
Skloolsv/ S1F1E1/ 4<;9/ Xqghuvwdqglqj vsxulrxv uhjuhvvlrq/ Mrxuqdo ri Hfrqrphw0
ulfv/ 8:/ 469447341
53Skloolsv/ S1F1E1/ 4<<4d/ Rswlpdo lqihuhqfh lq frlqwhjudwhg v|vwhpv/ Hfrqrphwulfd/
Yro 8</ 5;60639
Skloolsv/ S1F1E1/ 4<<4e/ Vshfwudo uhjuhvvlrq iru frlqwhjudwhg wlph vhulhv/ lq Qrq0
sdudphwulf dqg vhplsdudphwulf phwkrgv lq hfrqrphwulfv dqg vwdwlvwlfv/h g l w h g
e| Z1Eduqhww/ M1 Srzhoo dqg J1 Wdxfkhq1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw|
Suhvv1
Skloolsv/ S1F1E1/ 4<<8/ Ixoo| prglhg ohdvw vtxduhv dqg yhfwru dxwruhjuhvvlrq/
Hfrqrphwulfd/ 96/ 4356043:;1
Skloolsv/ S1 F1 E1/ 4<<9/ Hfrqrphwulf prgho ghwhuplqdwlrq1 Hfrqrphwulfd/9 7 /s s 1
:960;451
Skloolsv/ S1 F1 E1 dqg E1 H1 Kdqvhq +4<<3,1 Vwdwlvwlfdo lqihuhqfh lq lqvwuxphqwdo
yduldeohv uhjuhvvlrq zlwk L+4, surfhvvhv/ Uhylhz ri Hfrqrplf Vwxglhv 8:/ <<
4581
Skloolsv/ S1 F1 E1 dqg V1 Rxoldulv +4<;;,/ Whvwlqj iru Frlqwhjudwlrq Xvlqj Sulqflsdo
Frpsrqhqwv Phwkrgv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 45/ 5380
5631
Skloolsv/ S1 F1 E1 dqg V1 Rxoldulv +4<<3,/ Dv|pswrwlf surshuwlhv ri uhvlgxdo0edvhg
whvwv iru frlqwhjudwlrq/ Hfrqrphwulfd/ 8;/ 4984<61
Skloolsv/ S1F1E1 dqg Y1 Vror/ 4<<5/ Dv|pswrwlfv iru olqhdu surfhvvhv/ Dqqdov ri
Vwdwlvwlfv/ 53/ <:443341
Sorehujhu/ Z1/ dqg Z1 Nudphu/ 4<<5/ Wkh FXVXP whvw zlwk ROV uhvlgxdov/
Hfrqrphwulfd/ 93/ 5:4;81
Urelqvrq/ S1 P1 +4<<4,/ Dxwrpdwlf iuhtxhqf| grpdlq lqihuhqfh rq vhplsdudphwulf
dqg qrqsdudphwulf prghov/ Hfrqrphwulfd 8</ :880:;91
Vklq/ \1/ 4<<7/ D uhvlgxdo edvhg whvw ri wkh qxoo ri frlqwhjudwlrq djdlqvw wkh dowhu0
qdwlyh ri qr frlqwhjudwlrq/ Hfrqrphwulf Wkhru|/ 43/ <44481
Vwrfn/ M1 K1 dqg P1 Z1 Zdwvrq +4<;;,/ Whvwlqj iru frpprq wuhqgv/ Mrxuqdo ri
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;6/ 43<: 0 443:1
[ldr/ ]1/ 5334/ Whvwlqj wkh qxoo k|srwkhvlv ri vwdwlrqdulw| djdlqvw dq dxwruhjuhvvlyh
xqlw urrw dowhuqdwlyh/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 55/ ;:04381
[ldr/ ]1 dqg S1F1E1 Skloolsv/ 4<<;/ D FXVXP whvw iru Frlqwhjudwlrq Xvlqj Uh0
juhvvlrq Uhvlgxdov/ Zrunlqj Sdshu/ Xqlyhuvlw| ri Loolqrlv1
54